
Effect of Interfacial Viscosities upon 
Displacement in Sinusoidal Capillaries 

This quantitative analysis shows the relative effects of interfacial ten- 
sion, interfacial viscosities, and wetting during displacement in a capil- 
lary whose radius is a sinusoidal function of axial position. The effect of 
the interfacial viscosities is to increase the resistance to displacement 
regardless of the wetting condition. The results are consistent with a 
previous qualitative analysis and with a previous quantitative analysis 
for displacement in capillaries whose radii are independent of axial 
position. 

In screening surfactant systems for potential use in tertiary oil recov- 
ery, it is recommended that the interfacial tension be minimized first, 
since it determines whether oil displacement will occur, and that the 
interfacial viscosities be minimized second, since they influence the 
rate of oil displacement. 

R. M. Ciordano, J. C. Slattery 
Department of Chemical Engineering 

Northwestern University 
Evanston. IL 60201 

Introduction 
Conventional production of light crudes usually concludes 

with a partial displacement of the oil remaining in the reservoir 
by either water or brine. For carefully selected, well-designed, 
good-performing operations, a t  the end of conventional petro- 
leum production there remains trapped 50-70% of the oil origi- 
nally in place (Geffen, 1973). 

Residual oil is trapped in the form of blobs, each of which 
occupies possibly a large set of neighboring pores. Once such a 
blob has been isolated, it may or may not continue to be driven 
forward by the existing pressure gradient (Slattery, 1974; Oh 
and Slattery, 1979). If one of its many phase interfaces does 
advance, it will do so in an episodic fashion: it will slowly creep 
forward until an instability develops somewhere in the system, it 
will jump ahead a short distance, and it will begin another 
period of creeping motion. Since these Haines (1930) jumps 
take place very rapidly (Heller, 1968), the displacement of 
residual oil appears to be controlled by the period of slow 
advancement between jumps. 

Slattery (1974, 1979) developed a qualitative analysis for 
these periods of creeping motion. He was able to draw a number 
of conclusions, one of which is that, when the interfacial tension 
is less than the critical value required for displacement and the 
interfacial viscosities are large, equal percentage reductions of 
the interfacial tension and the interfacial viscosities are equally 
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important (Giordano and Slattery, 1983a). (When the interfa- 
cial viscosities are small, it is more important to reduce the inter- 
facial tension.) This conclusion has been fully supported both by 
a quantitative analysis (Giordano and Slattery, 1983a) and by 
an experimental study (Stoodt and Slattery, 1984) of displace- 
ment in capillaries whose radii are independent of axial posi- 
tion. 

The pores in an oil-bearing rock are not that simple, and an 
exact solution to the equations of motion for such a porous 
medium is impractical. In order to simulate displacements 
under these conditions, we recommend speaking in terms of 
local volume averages at  each point in the region occupied by the 
porous media and the fluids it contains (Slattery, 1981). As a 
result of averaging, information is lost and the local volume- 
averaged equations of motion are expressed in terms of several 
integrals or functions: the Permeability, the relative permeabil- 
ity of the wetting phase, the relative permeability of the nonwet- 
ting phase, the capillary pressure. The information lost as a 
result of local volume averaging must be replaced by supplying 
explicit forms for these functions. The usual approach is to con- 
struct empirical data correlations. As one attempts to account 
for additional physical phenomena, this becomes more difficult. 
An alternative approach is to construct a structural model or 
idealized model for the local flow field within the averaging vol- 
ume associated with each point in the porous medium. 

Network models that focus on the mechanism of oil entrap- 
ment and the distribution of residual oil generally neglect the 
dynamics of flowing oil droplets (ganglia). These models apply 
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to quasi-static processes, in which most of the interfaces are 
static most of the time; the key mechanisms considered are the 
choke-off and jumps of interfaces (Mohanty et al., 1980; Lin 
and Slattery, 1982). Frequently, one is more interested in the 
rate of displacement, when many interfaces are ilioving at once. 
This can be investigated with models that explicitly include the 
dynamics of oil displacement (Dias and Payatakes, 1986a,b; 
Aleman et al., 1986). These dynamic models require an expres- 
sion for the rate of displacement in an idealized pore as a func- 
tion of the pressure drop and various physical parameters such 
as the interfacial tension, the contact angle, and the interfacial 
viscosities (Washburn, 1921; Giordano and Slattery, 1983a). 

Static analyses (Oh and Slattery, 1979; Giordano and Slatte- 
ry, 1983b) suggest that pore geometry plays an important role in 
displacement and that it should not be ignored in devising struc- 
tural models to be used in the context of local volume averaging. 
In this paper, we extend our previous analysis for displacement 
(Giordano and Slattery, 1983a) to sinusoidal capillaries. In par- 
ticular, we account here for the influence of the interfacial vis- 
cosities as the interface expands and contracts in moving 
through a sinusoidal capillary. 

Statement of Problem 
Figure 1 shows phase 1 displacing phase 2 in a capillary 

whose radius r: is a sinusoidal function of axial position z * mea- 
sured with respect to a frame of reference in which the capillary 
wall is stationary, 

in which 

and r: is the neck or throat radius. Fluid moves through the pore 
at an average flowrate Q& which causes the common line C, 

formed by the intersection of the fluid-fluid interface I: with the 
wall, to be displaced. The contact angle a is measured through 
phase 1. The axial positions of the imaginary surfaces S(')  and 
S(') are fixed with respect to the capillary wall. 

Our objective is to estimate Q,*, for a giver, pressure drop 
between S( ' )  and S(*). 

With three minor exceptions, the assumptions of Giordano 
and Slattery (1983a) apply, so long as the characteristic length 
is taken to be r,* and the characteristic speed Q:vg/(?rr:2). The 
exceptions are to their assumptions j ,  k, and 1. 

j. We have neglected the work done by viscous forces on the 
surfaces S(' )  and S('). This would be exact if the radius of the 
capillary were independent of axial position. 

k. Consider the system composed of those portions of phases 
1 and 2 in the tube between S( ' )  and S('). In forming the integral 
mechanical energy balance for this system, we have estimated 
the rate of viscous dissipation of mechanical energy within the 
bulk phases, neglecting the influence of B and neglecting any 
work done by viscous forces a t  the entrance and exit cross sec- 
tions for each phase (see assumption j). 

1. In  this integral mechanical energy balance, we have 
neglected the work done by the viscous surface stress a t  the com- 
mon line, assuming that the contact angle measured a t  the com- 
mon line is unaffected by small perturbations of the capillary 
number N , ,  from zero. This would be exact if the contact angle 
measured within the immediate neighborhood of the common 
line were Oo. The work by Wayner (1980) and Teletzke et al. 
(1982) suggests that the microscopic contact angle is Oo, even 
though the macroscopically observed contact angle may not be 
zero. 

Interfacial Velocity Distribution 
Our initial objective is to determine the interfacial velocity 

distribution for the displacement shown in Figure 1. We seek a 
perturbation solution that is correct to the zeroth order in N,, 
(N<+J-' ,  Ng?, N$?, NBo, and the slip ratio (Giordano and Slatte- 
ry, 1983a). 

In our analysis, all variables marked * are dimensional. It will 
be convenient to introduce as dimensionless variables 

L L+ 4 

-1 j l '  Phose i 

t------z*- 
Figure 1. Phase 1 displacing phase 2 in a sinusoidal capillary. 
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p ( n  EE r:p(fi*/y* 7 = T.*/r,* 

H = r:H* (3) 

in which (i*, 8, 6) are the spherical coordinates in a frame of 
reference that is fixed with respect to the center of curvature of 
the interface, and H *  is the mean curvature of the interface. A 
frame of reference that is fixed with respect to the center of cur- 
vature of the interface is found in the next section to be conve- 
nient in estimating the rate of viscous dissipation of energy 
within the interface. 

Viewed in this frame of reference, the solution takes the same 
form as that developed by Giordano and Slattery (1983a) for 
displacement in a capillary whose radius is independent of axial 
position. The interface is a spherical segment and the interfacial 
velocity has only one nonzero component 

(4) 

in which B is defined in terms of the slope of the capillary wall 

for -(u/2) 5 6 5 ( ~ 1 2 )  and v satisfies 

2t* 
Y(Y + 1) = - 

K* -t €* 

In reaching this result, we have specified 

(7) 

leaving Fc for the moment unspecified. 
Following the argument of Giordano and Slattery (1983a), 

we conclude that in a frame of reference fixed with respect to the 
common line, 

in which i;, is the magnitude of the dimensionless velocity of the 
wall, 

A 9 - {N, [a cos a - sin a] [sin’ a - (a - T)*] 

+ [(a - T )  cos a - sin a] [a2 - sin’ a]} 

* {”[sin a cos a - a] [(a - T)’ - sin’ a] 

+ [a - u - sin a cos &][a’ - sin’ a]}-’ (9) 

is shown in Figure 2, and 

10 
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a 
Figure 2. Function A defined by Eq. 10. 

In appendix A, we argue that 

with the understanding that r,, is the dimensionless radius of the 
capillary a t  the common line, 

is dimensionless time and the time derivative follows the motion 
of the common line. Differentiating Eq. 5 ,  we find 

- dp = - 2r2B uz cos2 p cos (T) 
dt 11’ 

Here z, is the dimensionless axial position of the common line 
measured with respect to a frame of reference in which the cap- 
illary is stationary and 

In appendix B, we find 

a t  common line: 8, = Itj,,,l = u2 [ 1 + [“p“ - sin p)]2r’2 - (15) 

From Eqs. 7 ,8 ,11,  13, and 15, we conclude 

In a frame of reference that is fixed with respect to the center 
of curvature of the interface, the normal component of interfa- 
cial velocity is 

1594 October 1987 Vol. 33, No. 10 AIChE Journal 



in which we have noted that 8 = aC at the common line. Using 
Eqs. 1 and 13, we find 

., -1") I 

Integral Mechanical Energy Balance 
Our objective-is to estimate the volume rate of flow through 

the capillary shown in Figure 1 for a given pressure drop 
between S( ' )  and S(2). In what follows, our frame of reference 
will be fixed with respect to the capillary wall. 

We have previously shown that an integral mechanical energy 
balance for the system R(s,,s) consisting of those portions of 
phases 1 and 2 in the capillary between S'" and S(2) requires 
(Giordano and Slattery, 1983a) 

In view of assumption j, the integral on the lefthand side of 
Eq. 19 takes the form 

( - p * ~ *  * II + D* * S* n) dA* = Q*Ap* (20) 

Considering assumption k, we can write a mechanical energy 
balance for each individual phase to conclude 

Here we have employed the result of Neira and Payatakes 
(1979; see also Tilton and Payatakes, 1984) for the pressure 
drop over one unit of a sinusoidal pore 

where Cis given by their Figure 1 .  [Note that their -APT is our 
C, their r: is our L-', and their r: is our (1 + B)/B.] 

In writing Eq. 21 we have neglected the effects of the inter- 
face upon bulk viscous dissipation. This assumption is typical of 
equations like those of Washburn (1921), whose validity has 
been verified in both uniform (Rose and Heins, 1962) and con- 
verging-diverging (Legait et al., 1983) capillaries. Since the 
bulk flow is affected by the interface in a region approximately 
one tube radius on either side of the interface (Goldsmith and 
Mason, 1963), assumption k can be expected to fail in the limit 
of closely spaced, small segments. 

In Eq. 21, we have made the simplistic assumption that bulk 

viscous dissipation is proportional to the axial distance between 
the common lines defining the leading and trailing interfaces. A 
more detailed computation such as that given by Dias and Paya- 
takes (1986a) does not appear to be justified here, since the con- 
tribution of the bulk viscous dissipation is small for our analysis 
in which N,,, >> 1 (see Eqs. 30 and 34). 

By assumption L, we will say 

With the approximation that the configuration of the inter- 
face can be represented as a spherical segment (assumption n of 
Giordano and Slattery, 1983a) 

L2H*y*v'")* . 4 dA* - 2Q*y* cos (a + 8) 
6% 

The rate of viscous dissipation of energy within the interface 
is frame-indifferent. We will find it more convenient to estimate 
it in a frame of reference that is fixed with respect to the center 
of curvature of the interface. Recognizing assumption m of 
Giordano and Slattery, we can employ Green's transformation 
for a surface (McConnell, 1957) to write 

- L tr[S(')* . D(")*] dA * = tr [s(.)* . D(")*] dA * 

$a)* . div(,)S(*)* dA * = - J ,  
+ Lo c(*)* . s(.)* . cdS*  (25) 

in which we have found it convenient to denote Zo as that portion 
of the interface outside the immediate neighborhood of the com- 
mon line and Co as the closed curve (circle) bounding Zw 
Remembering that in this frame of reference the radius of cur- 
vature of the interface changes with time, the first term on the 
righthand side of Eq. 25 takes the form 

where Ki and K2 are given by Eqs. 16 and 18. In contrast with 
Q. 23, the second term on the righthand side of Eq. 25 has the 
value 

With Eqs. 26 and 27, Eq. 25 may be more conveniently 
expressed as 
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n A- in which we have defined 

Finally, with the help of Eqs. 20, 21, 23, 24, and 28, we can 
arrange the integral mechanical energy balance JSq. 19 in the 
more convenient form 

(N, - 1) + + 2N,+,r$E (30) "'1 I '  
where 

Y* 
I AP* I r .* N, - 

Usually we will be more concerned with the average volume 
rate of flow Qf 

Here V& is the volume of a unit pore 

(33) 

in which r, is described by Eq. 1 .  
For the displacement of a segment of phase 2 through a capil- 

lary filled with phase 1 shown in Figure 3, we can immediately 
say by analogy with Eq. 30 that 

where 

The subscript L refers to the left interface in Figure 3 and the 
subscript R refers to the right interface. 

Discussion 
The void volume in a permeable rock, such as that in which oil 

is found, may be thought of as many intersecting pores of vary- 

Figure 3. Segment of phase 2 being displaced through a 
sinusoidal capillary initially filled with phase 1. 

ing diameters. Consider two neighboring pore networks having 
different mean radii that offer parallel paths for displacement. 
Oil will be trapped in that pore network through which the oil is 
displaced more slowly. The rate at  which this residual oil can be 
mobilized determines the efficiency of a tertiary oil flood. 

We shall approximate this rate by using the system shown in 
Figure 3 as an idealization of a pore in which residual oil is 
trapped. Equation 34 shows that for a given pressure drop there 
exists a critical value of N, above which there can be no dis- 
placement of oil. Oh and Slattery (1979) show how this critical 
value changes with pore geometry. Giordano and Slattery 
(1983b) have investigated the effects of contact angle hysteresis 
on N,. 

Because the rate of viscous dissipation of energy must be posi- 
tive both in the bulk phases and in the interface, Eqs. 21 and 28 
show that the denominators of Eqs. 30 and 34 are always posi- 
tive regardless of the value of the contact angle and the configu- 
ration of the pore wall. Equations 30 and 34 predict that, when 
the interfacial tension is below the critical value required for dis- 
placement, the effect of the interfacial viscosities is to decrease 
the rate of displacement. 

For tertiary oil recovery systems, N,,, >> 1. The limited data 
currently available indicate that the crude oil-brine interfacial 
shear viscosity prior to the addition of a surfactant can be large, 
- 1  mN s/m (Jones et al., 1978), which may be attributable to 
a mixture of natural surfactants in the oil (Strassner, 1968). It 
may also be relatively small, -0.01 mN . s/m (Wasan et al., 
1978). The measurements of Stoodt and Slattery (1984) suggest 
that the interfacial dilatational viscosity may be two orders of 
magnitude larger than the interfacial shear viscosity. If we 
assume that r.' - 10 pm (Batra and Dullien, 1973), that p@)* - 
1 mPa - s, and that (K* + t*) = 0.01 mN - s/m (a conservative 
estimate), we conclude that N,+, - lo3. 

To demonstrate the relative effects of the interfacial tension 
and the interfacial viscosities, consider a system for which r: = 

10 pm (Batra and Dullien, 1973) and L*/r , f  = 24. Consistent 
with Oh and Slattery (1979), we choose B = 1.5, Q = 6, aL = 

140°, (YR - 38O, and Vdmp - V&,/r.*' = 80, where V&,p is the 
volume of the segment of phase 2. [These contact angles corre- 
spond to an intrinsic contact angle a,,,, = 89O, if we assume Mor- 
row's (1975) class 111 contact angle hysteresis. This is a case of 
intermediate wettability.] We identify phase 1 as brine, phase 2 
as oil, and N, = 0.1. We will conservatively estimate K * / c *  - 1 ,  
although the data of Stoodt and Slattery (1984) suggest that the 
surface dilatational viscosity may be two orders of magnitude 
larger than the surface shear viscosity. 
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Figure4. Average flow rate for displacement of a seg- 
ment of phase 2 in a capillary initially filled with 
phase 1 as a function of N,,,. 
N, - 0.1; aL - 1400. aR - 3 8 O ;  V,, - 80; B - 1.5; K * / C *  - 1; Q - 6; 
L - 24 

For displacement in this system, N, < 0.35. The average flow 
rate through one pore unit (6 < z < 12) is shown in Figure 4. We 
see that, for N,,, 3 1 and N, c 0.35, the percentage increase in 
N,,, equals the percentage decrease in the flow rate for a fixed 
value of N.,. We also find that the maximum variation in N., for a 
fixed value of N,,, results in much smaller changes in the flow 
rate than do variations in N,+, for a fixed value of Ny This 
means that when the interfacial tension is below that required 
for displacement (N, < 0.35), it is more important to reduce the 
interfacial viscosities than the interfacial tension. 

This reinforces the conclusions of Slattery (1974, 1979) and 
of Giordano and Slattery (1983a) that an optimum surfactant 
formulation is one for which the interfacial tension is less than 
the critical value required for displacement and for which the 
interfacial viscosities are as small as possible. But caution is 
advised, since it remains to be demonstrated experimentally that 
there is a correlation between recovery efficiency and the inter- 
facial viscosities. 

Figure 5 shows the axial speed of displacement of the advanc- 
ing (left) interface for the system described above. When inter- 
facial effects are negligible, the interface accelerates as it 
approaches the pore neck and decelerates as it approaches the 
widest section of the pore. This motion is a result of conservation 
of mass and it should not be identified with a Haines (1930) 
jump, which we believe is the consequence of the limits of static 
stability in an irregular pore (Giordano and Slattery, 1983b). As 
interfacial effects become large, the displacement speed de- 
creases and it becomes asymmetric with respect to the center of 
a pore unit (zCL - 9). 

Figure 6 indicates the variation of the volume rate of flow 
with position for the same system described by Figure 5. When 
interfacial effects are absent (N, = N,+, = 0), the volume rate of 
flow is relatively independent of the position of the segment of 
phase 2 in the capillary. The relatively small fluctuations in the 
flow rate occur because the distance between the left and right 

AlChE Jnurnal October 1987 

0030 - 

0025 - 
"t p"l* 

b P * l r z  
0020 - 

0015 - 

OOlO - 

7 9 I0  I I  I 2  

Z C L  

Figure 5. Axial speed of displacement for left interface of 
a segment of phase 2 being displaced through 
a pore initially filled with phase 1 as a function 
of axial posltion of left interface, Figure 3. 
Values as in Figure 4. 
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Figure6. Flow rate through a capillary in which a seg- 
ment of phase 2 is being displaced through a 
pore initially filled with phase 1 as a function of 
axial position of left interface, Figure 3. 
Values as in Figure 4. 
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interfaces varies as the segment moves through the capillary, 
causing zcL - zcR to change in J5q. 34. 

When the effects of interfacial tension are taken into account 
but those of the interfacial viscosities are neglected (N, - 0.3, 
N,+* = O), we see in Figure 6 that the flow is dominated by the 
effects of interfacial tension. Maxima and minima in the volume 
rate of flow occur as the interfaces successively accelerate and 
retard flow through the capillary. The locations of these maxima 
and minima depend upon the contact angles and the distance 
between the interfaces (the size of the segment). Comparison of 
our Figure 6 with Figure 6 (top curve) of Giordano and Slattery 
(1983b) (see also Figure 3 of Oh and Slattery, 1979) shows that 
for N,,, = 0 our periods of accelerating flow correspond to their 
regions of unstable, static states, and our periods of decelerating 
flow correspond to their regions of neutral stability. (In a state 
of neutral, static stability, a perturbation will not lead to sponta- 
neous motion. But, because of contact-angle hysteresis, the 
interface may assume a new stable, static state that neighbors 
but is not identical to the original static state.) 

The positions of these surges in the volume rate of flow 
change for large values of N,,,. Figure 6 shows that the effect of 
the interfacial viscosities (N, - 0.3, N,,, = lo3) is to decrease 
the volume rate of flow relative to the case N,,, = 0 for all posi- 
tions of the segment in the capillary. The effect of N,,, will be 
minimized when the viscous dissipation in the interfaces, Eq. 28, 
is small. Since the dissipation depends in a complicated manner 
on axial position through KI and K2, Eqs. 16 and 18, the varia- 
tions in volume rate of flow shown in Figure 6 for 7 < zcL -= 10 
reflect variations in the interfacial viscous dissipation with posi- 
tion of the segment in the capillary. This shift reflects the 
increasing role of interfacial forces over bulk forces. 

Note that there is no symmetry about the pore throat (zeL - 9) 
when interfacial effects are present. This asymmetry occurs for 
two reasons. First, since the curvature of an interface will be the 
same at equidistant positions to the right and left of the pore 
throat only when the contact angle is 90°, in general the force 
generated by the interface will not be symmetric about the 
throat. Second, when there are two interfaces, as in this prob- 
lem, the effect of the second interface is to add to the asymme- 
try. 

At the leading or trailing edge of a large oil bank moving 
through a reservoir, we are concerned with the displacement of 
one phase by another, Figure 1, rather than with the mobiliza- 
tion of a segment of residual oil. Let us consider the same pore 
geometry as above and identify phase 1 as oil, phase 2 as brine, 
LT - 140°, and N,, - 10. Figure 7 indicates that the behavior of 
this system is qualitatively the same as that in which a segment 
of oil is displaced. The effect of the interfacial viscosities in Fig- 
ure 7 occurs at a larger value of ”+, than in Figure 4 because 
there is a contribution to the rate of surface viscous dissipation 
from only one interface and because the volume of the oil phase 
is comparatively larger. This suggests that the displacement of a 
single large segment will be less affected by the interfacial vis- 
cosities than a set of smaller segments (having the same total 
volume as the larger segment), since fewer interfaces are pres- 
ent. We again conclude that for an efficient tertiary oil recovery 
flood, the interfacial viscosities should be as small as possible. 

Brown et al. (1982) found that during the displacement of 
crude oil by water in capillaries, there was a rolling motion 
(Dussan V. and Davis, 1974; Dussan V., 1977) in the crude oil- 

t 
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Figure 7. Average flow rate for displacement of phase 2 
by phase 1 as a function of N,,,. 
N,,- 1 0 ; ~ ~ -  14oo;B- 1 . 5 ; P - 6 ; L - 2 4  

brine interface similar to that described here. In these systems, 
the interfacial viscosities have the potential to impede the dis- 
placement of crude oil. 

In contrast, rigid interfacial films are found with other crude 
oil-brine systems (Reisberg and Doscher, 1956; Bourgoyne et 
al., 1972). Our analysis does not apply to such systems. A mac- 
roscopic interfacial film would be better modeled as a thin third 
phase separating the displacing and displaced phases. 

Our analysis assumes that no wetting film exists between the 
capillary wall and the nonwetting phase. Legait (1983) has 
shown how a segment of oil is displaced through a capillary of 
variable square cross section when the displacing phase is con- 
tinuous. Roof (1970; see also Arriola et al., 1980a,b) showed 
that, in completely water-wet capillaries, the water film forms a 
collar at the pore neck that can become unstable and “snap off” 
the oil into a series of droplets. Roof’s criterion for snap-off 
requires 

where H, is the mean curvature of the oil-water interface and 
H, is the mean curvature of the pore neck. For our sinusoidal 
capillary, 

How - - [ 1 + r; -sin R)]2]-’/* - 

. { 1 + ; [ 1 - COS (q-’ (37) 

and 

H, = ‘/ 2 (27r2B/Q2 - 1) (38) 

In our analysis, we follow the recommendations of Oh and Slat- 
tery (1979) for sandstone rocks and set B = 1.5 and B - 6. For 
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this geometry, How 5 -0.43 and H, = -0.089. By Eq. 36, snap- 
off will not occur. 

Additionally, Roof (1970) has shown that for systems dis- 
playing intermediate wettability as in our examples, oil-phase 
snap-off is unlikely. For oil segments that are long relative to 
their radius and separated from the capillary wall by a thin film 
of the continuous phase, instabilities can lead to breakup even in 
straight capillaries (Goren, 1962; Goldsmith and Mason, 1963). 
Our calculations assume that these types of instabilities are 
absent. 

Although we have not considered the dynamics of the snap- 
off mechanism, it is reasonable to assume that snap-off will be 
retarded by the interfacial viscous forces resulting from the 
interfacial velocity gradients generated in the process. 

Oh and Slattery (1979) recognized that for very large or 
small values of the contact angle, one phase will be trapped on 
the wall of a sinusoidal capillary during displacement. They 
used the term “discontinuous movement” to describe the appar- 
ent jump of the common line over this ring of trapped fluid. The 
analysis presented here does not allow for these discontinuous 
movements. Figure 8 describes the relationship between the 
onset of discontinuous motion, contact angle a, and P. Here Bmin 
is the minimum value of B required for discontinuous move- 
ments to occur. Incorporating discontinuous movements into our 
analysis would not be difficult, but it would give us little addi- 
tional insight concerning the role of the interfacial viscosities 
during displacement. 

Conclusions 
The relative effects of the interfacial tension, the interfacial 

viscosities, and wetting on displacement in sinusoidal capillaries 
are quantitatively determined. The result is limited by assump- 
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Q 

Figure 8. Minimum value of 8 required for discontinuous 
movements. 
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tions that the Reynolds number NRer the capillary number N,, 
and the Bond number Nh are all small compared with unity and 
that surface viscous forces dominate bulk viscous forces in the 
interface (the dimensionless sum of the interfacial viscosities 
N,+, 1) .  

The limited data available for the interfacial viscosities of 
proposed tertiary oil recovery systems indicate that the dimen- 
sionless sum of the interfacial viscosities N,,, >> 1. 

For a displacement driven by a constant pressure drop, the 
effect of the interfacial viscosities is to decrease the rate of dis- 
placement regardless of the wetting condition. When N,+, >> 1, a 
decrease in N,,, causes an equal percentage increase in the vol- 
ume rate of flow. This supports the conclusions our previous 
qualitative analysis (Slattery, 1974, 1979) and it is consistent 
with our previous analysis for displacement in straight, cylindri- 
cal capillaries (Giordano and Slattery, 1983a). 

In screening surfactant systems for potential use in tertiary oil 
recovery, we recommend that the interfacial tension be mini- 
mized first, since it determines whether oil displacement will 
occur, and that the interfacial viscosities be minimized second, 
since they influence the rate of oil displacement. 
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Notation 
A - defined by Eq. 9; see also Figure 2. 
E - dimensionless value of B*, Eq. 2 

E* = length characterizing capillary geometry, Figure 1 
C = common line; constant, Eq. 22 

C, = closed curve (circle) bounding & 
D(n* = rate of deformation tensor in phase j (Giordano and Slat- 

Db)* - surface rate of deformation tensor (Giordano and Slattery, 
tery, 1983a) 

1983a) 
E = defined by Eq. 29 

EL, ER - defined by Eq. 35 
g = Acceleration of gravity 
g, = r-component of physical basis vector for cylindrical coordi- 

nate system in a frame of reference that is fixed with respect 
to a point on the common line 

g,, g, = physical basis vectors for spherical coordinate system in a 
frame of reference that is fixed with respect to center of cur- 
vature of the interface 

g, = unit vector parallel to axis of capillary 
H - dimensionless mean curvature of interface, Eq. 3 

H *  = mean curvature of interface; the sign depends upon the 
direction of I; the sign of 2H I is independent of the direc- 
tion off 

Hn - dimensionless mean curvature of pore neck 
H ,  = dimensionless mean curvature of oil-water interface 

Z = identity tensor 

L* - total length of Figure 1 

R* - length of a pore unit, Figure 1 

KI, K2 = Defined by Eqs. 16, 18 

R =. dimensionless length of a pore unit, Eq. 2 

n - unit normal directed outward with respect to A , ,  
NB, = bond number defined by ( p ( l ) *  - p(”* jg*r:Z/T* 
N, - capillary number defined by r‘z)*Q&/(rr:2’r*) 
NX = Reynolds number for phase j ,  defined by P ( ~ * Q & /  

(nr n+p(”*) 
N7 = dimensionless interfacial tension, Eq. 3 1 
N‘+* = dimensionless sum of interfacial viscosities, defined by (K* 

+ t*)!(jP*r.*) 
N, = viscosity ratio, Eq. 10 
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p(" - dimensionless pressure in phasej, Eq. 3 
pu* - pressure in phase j 
Ap* - pressure drop between S(') and SC2), Figure 1 

I Ap* I - magnitude of Ap* 
Ap(" - pressure drop over one unit of a sinusoidal pore occupied by 

P - projection tensor that transforms vectors defined on the 
phase j, Eq. 22 

dividing surface into their tangential components 
p-I p-I , , , - I  - associated Legendre functions of the first kind 

Q* - volume rate of flow 
Q& - average volume rate of Row, Eq. 32 

r - dimensionless spherical coordinate in a frame of reference 
fixed with respect to center of curvature of the interface, Eq. 
3 

?* - spherical coordinate in a frame of reference fixed with 
respect to center of curvature of the interface 

r: - neck radius, Figure 1 
r, - dimensionless radius of capillary, Eq. 1 
r,+ - radius of capillary 
r, - dimensionless radius of capillary at common line 
r z  - radius of capillary at  common line 

R(,y.) - portions of phases 1 and 2 between S") and S('), Figure 1 
S, , - closed surface bounding R,!,, 

S(I! Srz1 - imaginary entrance and exit surfaces, Figure 1 
S(n - dimensionless viscous portion of stress tensor in phase j, Eq. 

S(n* - viscous portion of stress tensor in phase j (Giordano and 

S") - dimensionless viscous portion of surface stress tensor, Eq. 3 
S(')* - viscous portion of surface stress tensor (Giordano and Slat- 

3 

Slattery, 1983a) 

tery, 1983a) 
t - dimensionless time, Eq. 12 

r* - time 
Z""* - stress tensor in phase j 
P* - surface stress tensor 

5 - dimensionless velocity viewed in a frame fixed with respect 
to center of curvature of the interface 

6 - dimensionless velocity viewed in a frame fixed with respect 
to a point on the common line 

u - dimensionless velocity viewed in a frame fixed with respect 
to intersection of plane containing the common line and axis 
of the capillary, Figure 9 

ufn - dimensionless velocity in phasej, Eq. 3 
u(') - dimensionless surface velocity, Eq. 3 

#" 
d')* - surface velocity 

dimensionless surface velocity viewed in a frame fixed with 
respect to center of curvature of the interface 

01 - dimensionless theta component of surface velocity viewed in 
a frame fixed with respect to center of curvature of the 
interface 

v$ - dimensionless normal component of surface velocity viewed 
in a frame fixed with respect to center of curvature of the 
interface 

- 

- 

- 
v, - defined by Eq. I 
9, - dimensionless velocity of capillary wall viewed in a frame 

fixed with respect to a point on the common line 
v, - dimensionless axial speed of displacement of interface 

viewed in a frame fixed with respect to capillary wall, Eq. 
14 

vg - axial speed of displacement of interface viewed in a frame 
fixed with respect to the capillary wall 

V,+ - defined as V&,/r:3 
V& - volume of segment of phase 2, Figure 3 
V& - volume of a unit pore 

z - dimensionless axial position, Eq. 2 
z* - axial position, Figure 1 
z, - dimensionless axial position of common line viewed in a 

frame fixed with respect to wall 
z: - axial position of common line viewed in a frame fixed with 

respect to wall 
Z, - dimensionless position vector of a point on common line 

viewed in a frame fixed with respect to center of curvature 
of the interface 

20, zo - dimensionless position vectors, Figure 9 

Greek letters 
a = contact angle measured through phase 1, Figure 1 

a,,,, = intrinsic contact angle measured through phase 1 
p = slope of capillary wall, Eq. 5 

y* = interfacial tension 
t* = interfacial shear viscosity - _  

8, $I = spherical coordinates in a frame of reference fixed with 
- 
0, = value of 8 at the common line 

K* = interfacial dilatational viscosity 

respect t9 center of curvature of the interface 

= unit vector that is normal to Cand both tangent to and out- 
wardly directed with respect to the interface 

p(I3* = shear viscosity for phase j 
Y = defined by Eq. 6 
E = unit normal to phase interface 

= total mass density of phasej 
7~ = 3.1415 ... 

p(')* = total surface mass density 
pg)* = total surface mass density in reference state 

Z = fluid-fluid interface, Figure 1 
Z,, = portion of interface outside the immediate neighborhood of 

#* = potential energy per unit mass 
the common line 

Other terms 
dA * = an area integration is to be performed 
ds* = a line integration is to be performed 

dV*  = a volume integration is to be performed 
div = divergence operation 

div(,, = surface divergence operation (Wei et al., 1974; Briley et al., 
1976) 

tr = trace operation 
V = gradient operator 

V(.) = surface gradient operator (Wei et al., 1974; Briley et al., 
1976) 

L = subscript: left interface, Figure 3 
R = subscript: right interface, Figure 3 

Appendix A: Derivation of Eq. 11 
Let &") denote the interfacial velocity defined in a frame of 

reference that is fixed with respect to the center of curvature of 
the interface; tj(') denotes the interfacial velocity defined in a 
frame of reference that is fixed with respect to the common line. 

Figure 9a. Relationship of Tc, i0, and z, for a + @ > r/2. 
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origin of .A. frame 
/ 

/r These surface velocities are related by 

where Z, is the position vector of the common line in a frame of 
reference that is fixed with respect to the center of curvature of 
the interface. 

Referring to Figure 9a, we see that when a + @ > ?r/2, 

and 
- 

zo = -r, cot 8,gz 644) 

which permits us to express Eq. A1 as 

In arriving at Eq. A5, we have observed that 
- 

g, - g ,  = -sin BC ('46) 

and 
- 

g, g ,  = cos 0, 647) 

Finally, since . 

5 
5 

5 

I 
---- 

I .I frc  
I 

/A ---- 
I 

origin of v .  frame 9 , origin of frome I 
I in which wall is S 

\ stationary s 

- 
8 , = ~ t + @ - ~ / 2  (A8) Since 

we may rearrange Eq. A5 to obtain Eq. 11. 

A4 and A6 
When a + @ < a12 as in Figure 9b, we have in place of Eqs. 

Figure 10. Relationship of a frame of reference that is 
fixed with respect to the intersection of the 
pore centerline and the plane containing the 
common line. 
(Variablts in this frame are denoted by .I.), a frame of reference 
that is fixed with respect to the center of curvature of the interface 
(variables in this frame are denoted by .:.), and a frame of refer- 
ence that is fixed with respect to a p in t  on the common line (vari- 
ables in this frame are denoted by ... ). 

and 

S 

S 
c 

Eq. A5 again reduces to Eq. 1 1. 

Appendix 6: Derivation of Eq. 15 
Referring to Figure 10, let 5 denote a velocity defined in a 

frame of reference that is fixed with respect to the intersection of 
the plane containing the common line and the axis of the capil- 
lary; let 5 be the same velocity observed in a frame of reference 
fixed with respect to the center of curvature of the interface; let 
o be the corresponding velocity measured in a frame of reference 
in which the capillary wall is stationary. These velocities are 
related by 

dz 
v = ; I tgz + 5 

and 

v = d r g , + 9  " drw 

Since the velocity of the wall 

Figure 9b. Relationship of Z,, &,, and zo for ff + @ 4 ~ / 2 .  v, = 0 
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we see from Eqs. B1 and B2 that  

dr, dz 
= - -g, - - 

dt dt 

In particular, 

at common line: 8, = - 

Equation 15 gives the  magnitude of this vector. 
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